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Abstract—The advent of mixed-numerology multi-carrier
(MN-MC) techniques adds flexibilities in supporting heteroge-
neous services in fifth generation (5G) communication systems
and beyond. However, the coexistence of mixed numerologies de-
stroys the orthogonality principle defined for single-numerology
orthogonal frequency division multiplexing (SN-OFDM) systems
with overlapping subcarriers of uniform subcarrier spacing.
Consequently, the loss of orthogonality leads to inter-numerology
interference (INI), which complicates signal generation and
impedes signal isolation. In this paper, the INI in MN-OFDM
systems is characterized through mathematical modeling and is
shown to primarily rely on system parameters with regard to
the pulse shape, the relative distance between subcarriers and the
numerology scaling factor. Reduced-form formulas for the INI in
continuous-time and discrete-time MN systems are derived. The
derived mathematical framework facilitates the study of the effect
of discretization on the INI and partial orthogonality existing in
subsets of the subcarriers. The reduced-form formulas can also be
used in developing interference metrics and designing mitigation
techniques.
Index Terms—inter-numerology interference, mixed-
numerology, multi-carrier, OFDM
I. INTRODUCTION
5G and beyond mobile networks are envisioned to have the
flexibility to support heterogeneous services. These services
have been broadly categorized into three main usage scenar-
ios: enhanced mobile broadband (eMBB), ultra-reliable and
low-latency communications (uRLLC), and massive machine
type communications (mMTC) [1]. Each of these scenarios
has distinct quality of service (QoS) requirements, such as
throughput, latency, reliability, and the number of connected
users, which calls for a higher degree of flexibility in the
physical layer network designs [2]. It is obvious that a one-
size-fits-all numerology design, as in 4G long term evolution
(LTE), may not be able to provide the desired flexibility.
In addition, it is not viable to design separate radios for
different services due to the significantly increased complexity
of operation and management [3].
To support these services over a unified physical layer, one
solution is to divide the system bandwidth into several smaller
bandwidth parts (BWPs), each having a distinct numerology
(a set of parameters like subcarrier spacing, symbol length,
and cyclic prefix [4]) optimized for a particular service. How-
ever, allowing the coexistence of mixed numerologies in the
same carrier introduces non-orthogonality to the system and
causes inter-numerology interference (INI) because subcarriers
associated with differing numerologies will no longer be
orthogonal to each other. The loss of orthogonality complicates
both signal generation and detection in MN-OFDM systems.
The study of INI has recently attracted increasing interest.
The authors of [5] developed a framework for MN subband
filtered multi-carrier (SFMC) systems where the INI was
analyzed in the presence of transceiver imperfections and
insufficient guard interval between symbols. The authors of
[6] introduced a generic and universal optimization-based
framework for fast convolution-based filtered OFDM (FC-f-
OFDM) waveform processing for the 5G physical layer in
which the INI for MN FC-f-OFDM was derived. The authors
of [7] derived expressions for the INI in MN windowed OFDM
systems and used them as the basis for a novel interference
cancellation scheme. An analytical model was established in
[8] for INI analysis in OFDM and f-OFDM systems, and a
power allocation scheme was also proposed to maximize the
system sum-rate utilizing the derived analysis.
All the works above have derived closed-form formulas for
INI for various MN systems based on a finite-sum of discrete
samples of complex exponential functions, referring to as
sum-of-exponential (SoE) forms in the sequel. However, these
SoE formulas can not explicitly show the influencing factors
on the interference. In this paper, we progressed further by
simplifying the SoE to a reduced-form of INI to show the in-
fluencing factors more explicitly. Moreover, all existing works
have focused on discrete-time systems; to the researchers’
best knowledge, this is the first time investigating continuous-
time MN systems. Specifically, this paper contributes to the
following:
• We first derive analytical expressions for the INI in
continuous-time systems. This work is essential as
continuous-time approaches have some notable advan-
tages in performance degradation analysis due to system
imperfections, such as time/frequency offset and phase
noise, compared with discrete-time methods.
• We simplify the traditional SoE form INI into a reduced-
form, which is primarily a pulse shape function of relative
distance. i.e., sinc(d), where d refers to the relative
distance between MN subcarriers. The reduced-form not
only decreases the computational complexity but also
directly shows the factors influencing the level of INI.
• We study the impact of discretization on the INI and
discover the fact that the discrete-time subcarriers suffer
more interference than the continuous ones.
• We investigate the subsets of MN subcarriers based on the
derived reduced-form formulas for both continuous-time
and discrete-time systems.
The rest of this paper is organized as follows: Section II de-
scribes the MN-OFDM system model. Section III characterizes
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Fig. 1. Illustration of frequency and time relationship with two numerologies
for the case ν = 2.
the INI in the continuous-time and discrete-time MN systems.
Finally, the paper is concluded in Section IV. Throughout this
paper, (·)∗ denotes complex transpose, R and Z represents
the set of all real numbers and integers, respectively, and
the superscript (i) is used to denote numerology i. Often we
deal with functions of a continuous variable, and a related
sequence indexed by an integer (typically, the latter is a
sampled version of the former). We use parentheses around
a continuous variable and brackets around a discrete one, for
example, x(t) and x[n].
II. SIGNAL MODEL
For clarity and simplicity of the derivations, without loss
of generality, we consider a signal model with two differing
numerologies, namely, numerology 1 and numerology 21. The
subcarrier spacing ∆f (i) and symbol duration T (i) associated
with numerology i, i = {1, 2}, are related to each other via a
scaling factor ν, as per 3GPP [9], i.e.,
∆f (1)
∆f (2)
=
T (2)
T (1)
= ν. (1)
Without loss of generality, we assume ∆f (1) > ∆f (2),
which leads to the scaling factor greater than 1, i.e., ν =
2µ, µ ∈ {1, 2, · · · }. Fig. 1 illustrates the time/frequency
relation with two numerologies for the case ν = 2 where
∆f (1) = 2∆f (2) and ∆T (2) = 2∆T (1), and the symbol
k associated with numerology 2 overlaps with two symbols
indexed at 2k and 2k + 1 associated with numerology 1.
Fig. 2 depicts a block diagram of the MN-OFDM
modulator/demodulator consists of two SN-OFDM modula-
tors/demodulators associated with the two numerologies, re-
spectively. A group of complex symbols s(i) is modulated via
an SN-OFDM modulator for numerology i. Let the complex
transmit symbol at the time instance k on the subcarrier m
1Research findings gained in this paper may extend to any number of
numerologies in a straightforward manner.
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Fig. 2. A signal model with two numerologies. a) Multi-numerology OFDM
modulator. b) Multi-numerology OFDM demodulator.
associated with numerology i be s
(i)
k,m. The transmitted signal
for numerology i can then be expressed as
x(i)(t) =
∞∑
k=−∞
x
(i)
k (t), (2)
where
x
(i)
k (t) =
∞∑
k=−∞
N(i)−1∑
m=0
s
(i)
k,mφ
(i)
m (t− kT (i)) (3)
is the corresponding transmitted signal at the instance k.
N (i) = B/∆f (i) is the number of subcarriers associated with
numerology i with B denoting the overall system bandwidth.
The basis pulse φ
(i)
m (t) is a normalized, frequency-shifted
rectangular pulse defines as
φ(i)m (t) =


1√
T (i)
exp(j2pi
m
T (i)
t) 0 ≤ t ≤ T (i)
0 otherwise
. (4)
The transmitted signal x(t) is then obtained by multiplexing
the truncated/concatenated single-numerology signals associ-
ated with both the numerologies. The mixed signal takes
different forms for numerology 1 and 2 with respect to their
own symbol duration. Specifically, the signal x(t) on the time
duration [kT (1), (k + 1)T (1)] can be expressed as
xk(t) = x
(1)
k (t) + x
(2)
⌊ k
v
⌋
(t), (5)
where ⌊·⌋ is the floor function. The signal x(t) on [kT (2), (k+
1)T (2)] can be written as
xk(t) =
ν−1∑
q=0
x
(1)
νk+q + x
(2)
k (t). (6)
Eq. (5) and (6) mathematically describe what Fig. 1 illus-
trates, i.e, how signals of different symbol duration multiplex
in the time domain. In particular, the k-th symbol associated
with numerology 1 overlaps with a truncated portion of the
3⌊k
ν
⌋-th symbol associated with numerology 2, and the kth
symbol associated with numerology 2 coincides with a block
of ν consecutive symbols starting from the (νk)-th symbol
associated with numerology 1.
The received signal is passed through SN-OFDM demodula-
tors in order to separate signals on different subcarriers within
the numerology and reject signals from the other numerology.
In this paper, we focus on investigating the intrinsic interfer-
ence caused by the MN-OFDM modulator/demodulator only,
while the extrinsic factors such as the channel and noise are
not considered. Thus, the received signal r(t) = x(t). The
recovered complex symbol transmitted in the time duration
[kT (i), (k + 1)T (i)] over the m-th subcarrier associated with
numerology i can be obtained as
s˜
(i)
k,m =
∫ (k+1)T (i)
kT (i)
xk(t)φ
(i)
m
∗
(t− kT (i)) dt. (7)
III. CHARACTERIZING THE INI IN MN-OFDM SYSTEMS
Two signals are orthogonal to each other if their inner
product is zero [10], otherwise they are correlated, and in-
terfere with each other. Thus, the interference between two
MN subcarriers can be characterized by their inner product
with the magnitude as an indicator of the level of corre-
lation. For a single numerology, the set of SN subcarriers
{φ(i)m (t)},m = 0, 1, · · · } forms an orthonormal basis on the
interval [0, T (i)], and the subcarriers are non-correlated and
orthogonal to each other [10]. As such, we will only focus
on mixed-numerology in this section, where the closed-form
formulas for INI between subcarriers will be derived for
continuous-time and discrete-time signals, respectively.
A. Continuous-time MN signal
Let φ
(1)
m (t) and φ
(2)
n (t) be subcarrier m associated with
numerology 1 and subcarrier n associated with numerology 2,
respectively. The corresponding inner product can be obtained
as
ρ(1←2)m,n = 〈φ(1)m (t), φ(2)n (t)〉 =
∫ ∞
−∞
φ(1)m
∗
(t)φ(2)n (t)dt
=
1√
T (1)T (2)
∫ T (1)
0
exp
(
−j2pi( m
T (1)
− n
T (2)
)t
)
dt
=
1√
T (1)T (2)
exp
(
−j2pi( m
T (1)
− n
T (2)
)
T (1)
2
)
∫ T (1)
2
−T
(1)
2
exp
(
−j2pi( m
T (1)
− n
T (2)
)t
)
dt
=
√
1
ν
exp (−jpid) sinc (d) , (8)
where 〈·〉 is the inner product function, sinc(x) =
sin(pix)/(pix), x ∈ R, and d refers to the relative distance
between subcarrier m and subcarrier n expressed as
d = (
m
T (1)
− n
T (2)
)T (1) =
m∆f (1) − n∆f (2)
∆f (1)
= m− n
ν
, (9)
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Fig. 3. Magnitude ρ
(1←2)
m,n in (11) vs relative distance d in (9) for continuous-
time signals.
which is the actual distance between the two subcarrier centre
normalized by ∆f (1). Swapping the order of two subcarriers
turns the corresponding inner product into the complex con-
jugate of the original one as
ρ(1←2)m,n = ρ
(2←1)
n,m
∗
(10)
and their common magnitude is written as
∣∣∣ρ(1←2)m,n
∣∣∣ =
∣∣∣ρ(2←1)n,m
∣∣∣ =
√
1
ν
|sinc (d)| (11)
where | · | is the absolute operator. This suggests that the inter-
ference between any two subcarriers associated with different
numerologies is mutual and equal in magnitude.
It is clear from (8) that the sinc function, which originates
from the rectangular pulses, is the dominant term of the
inner product. Eq. (11) shows that the magnitude of the
inner product is dependent on the relative distance d which
is determined by the subcarrier indices m and n and the
numerology scaling factor ν. The magnitude can be expected
to decrease as the relative distance increases, and a bigger
scaling factor leads to a smaller magnitude. Fig. 3 depicts
the magnitude of the inner product of subcarriers associated
with different numerologies related to each other with the
scaling factor ν ∈ {2, 4, 8}. It can be seen in the figure that
the magnitude is inversely proportional to ν, which indicates
that a large scaling factor implies less correlated subcarriers.
Thus, numerologies associated with bigger subcarrier spacing
are more resilient to INI. In addition, the magnitude appears
to decrease with the increase in the relative distance, which
shows that the interference from close subcarriers is higher
than that from relatively distant ones.
B. Discrete-time MN signal
Assume a common sampling duration Ts = T
(i)/N (i) for
both numerologies. Then the l-th sample of the signal in (3)
can be expressed as
x
(i)
k [l] = x
(i)
k (lTs) =
N(i)∑
m=1
s
(i)
k,mφ
(i)
m [l], (12)
where
φ(i)m [l] =
exp(j2pi ml
N(i)
)√
N (i)
, l = 0, 1, · · · , N (i) − 1. (13)
4-5 -4 -3 -2 -1 0 1 2 3 4 5
0
0.2
0.4
0.6
discrete
continuous
2 3 4 5
0.05
0.1
Fig. 4. Magnitude ρ
(1←2)
m,n vs relative distance d for continuous-time and
discrete-time signals with number of samples N(1) = 8, ν = 2.
This is the inverse Discrete Fourier Transform (DFT) of the
transmitted signal, which is much easier to implement by per-
forming inverse fast Fourier transform (FFT) with integrated
circuits.
The inner product of the discrete MN subcarriers is derived
as
ρ¯(1←2)m,n =< φ
(1)
m (t), φ
(2)
n (t) >
=
1√
N (1)N (2)
N(1)∑
l=0
exp
(
j2pi
( m
N (1)
− n
N (2)
)
l
)
(a)
=
1√
N (1)N (2)
1− exp(j2pid)
1− exp(j2pi d
N(1)
)
=
1√
ν
exp(jpi
N (i) − 1
N (i)
d)
sinc(d)
sinc( d
N(1)
)
, (14)
where equality (a) follows that
∑N−1
n=0 x
n = 1−x
N
1−x , x ∈ R.
The magnitude in this case is
∣∣∣ρ¯(1←2)m,n
∣∣∣ =
√
1
ν
|sinc (d)|∣∣sinc ( d
N(1)
)∣∣ . (15)
Since the subcarriers in SN systems are orthogonal to
each other, discretization has impact on interference, and thus
the two approaches (continuous-time and discrete-time) are
equivalent. This is not the case in MN systems. Comparing
(15) with (11), it can be seen that the magnitude of the interfer-
ence in the discrete-time systems differs from the continuous-
time systems by a factor. Fig. 4 compares the magnitude of
the inner product between discrete-time and continuous-time
signals where both curves show similar varying trend, i.e.,
they decay with distance. However, curves for the discrete-
time case decays relatively slower. The impact of discretization
with different sampling rates on the INI will be studied in the
next subsection.
C. The impact of the discretization on the INI
Physical signals are usually defined in continuous time,
but signal processing is conducted more efficiently digitally
and for discrete-time signals. In theory, when the number
of samples in a discrete-signal approaches infinity, the inner
product of MN subcarriers becomes equal to that of the
continuous case, i.e.,
lim
N(1)→∞
ρ¯(1←2)m,n =
√
1
ν
exp (jpid) sinc (d) = ρ(1←2)m,n (16)
In practice, for any finite value ofN (1), the magnitude of the
interference between the MN subcarriers m and n for discrete
signals differs from the continuous ones by a factor of
β =
1
|sinc( d
N(1)
)| . (17)
Eq.(17) implies that the discrete subcarriers suffer more
interference compared to its continuous counterpart giving that
β > 1, ∀d 6= 0. This can also be explained by the fact that
the sampled subcarriers appear closer to each other than the
continuous ones in the signal subspace due to the finite number
of representative samples.
The factor in (17) implies that the level of influence of dis-
cretization increases as the absolute value of relative distance d
increases and/or the number of samples N (i) decreases. Thus,
over-sampling signals could improve system error performance
in discrete-time MN systems. In addition, the INI contribution
from the subcarriers that are relatively distant is affected
more by discretization than from those closer subcarriers, as
a larger d leads to a greater β. Fig. 5 depicts the effects of
discretization on the INI in terms of the absolute value of
factor β in (17) evaluated for different subcarrier distances and
the number of samples N (i). It can be seen that the impact
changes less rapidly with regard to the relative distance d for
a higher value of N (i) and that the impact becomes barely
visible with N (i) ≥ 64, and d ≤ 2.5.
Based on the analysis in Subsection III-A, the level of the
interference of a subcarrier in one numerology is primarily
determined by those interfering subcarriers that are close to
the interfered subcarrier. Thus, we can conclude that the INI
for discrete-time signals can be used to closely approximate
the INI for continuous-time signals with an error of (β−1)%.
Given a predefined tolerance error, the minimum sampling rate
can be obtained accordingly using (17).
D. Subsets of orthogonal MN subcarriers
The zero-crossings of the sinc functions in (8) and (14)
for the continuous-time and discrete-time system, respectively,
indicate that there are some interference-free subcarriers de-
spite the overall loss of orthogonality in MN-OFDM systems.
Finding these subcarriers is important, as they can be used as
pilot subcarriers for a better channel estimation, or allocated
to users experiencing worse channel conditions to improve
fairness.
The inner product of any two subcarriers associated with the
same numerology is zero, thus, subcarriers within a numerol-
ogy are orthogonal to each other. For subcarriers associated
with different numerologies, solving the equation

∣∣∣ρ(1←2)n,m
∣∣∣ = 0
∣∣∣ρ¯(1←2)n,m
∣∣∣ = 0
⇒
√
1
ν
∣∣∣sinc(m− n
ν
)∣∣∣ = 0, (18)
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Fig. 5. Factor β in (17) with two numerologies with ∆f(1) = 2∆f(2) . a)
β vs. relative distance d. b) β vs. number of samples N(1).
enables us to establish the condition for the orthogonality of
MN subcarriers for both the discrete and continuous signals
as, (
m− n
ν
)
∈ Z ≡ n
ν
∈ Z, (19)
where subcarrierm, n are associated with the numerology with
a greater subcarrier spacing and a smaller one, respectively.
It is clear from (19) that the orthogonality between two MN
subcarriers is only determined by the index of the subcarrier
with a smaller subcarrier spacing. More specifically, the two
subcarriers are orthogonal to each other if the index of the
subcarrier with a smaller subcarrier spacing is an integer mul-
tiple of the subcarrier spacing ratio ν, regardless of the index
of the other subcarrier. As an example for a two-numerology
systems with ν = 2, there are three orthogonal subsets of
subcarriers: the subset of all the subcarriers associated with
numerology 1, the subset of all the subcarriers associated with
numerology 2, the subset of MN subcarriers which includes
all the subcarriers associated with numerology 1 and the even
indexed subcarriers associated with numerology 2.
Fig. 6 illustrates some orthogonal MN subcarriers for two
numerologies with ν = 2. Two adjacent subcarriers indexed
by m and m + 1 associated with numerology 1, and two
adjacent subcarriers indexed by n and n + 1 are associated
with numerology 2 (n is multiple of 2) are shown in the
figure. The subcarrier n is orthogonal to both subcarriers m
and m+ 1 with ρ
(1←2)
m,n = ρ
(1←2)
m+1,n = 0. The subcarrier n+ 1
is not orthogonal to subcarrier m or to subcarrier m+1 with∣∣∣ρ(1←2)m,n+1
∣∣∣ =
∣∣∣ρ(2←1)n+1,m
∣∣∣ > 0,
∣∣∣ρ(1←2)m+1,n+1
∣∣∣ =
∣∣∣ρ(2←1)n+1,m+1
∣∣∣ > 0.
IV. CONCLUSIONS
In this paper, the interference between subcarriers associated
with different numerologies was studied to understand MN-
OFDM systems’ behavior. Novel reduced-form formulas for
the INI for continuous-time and discrete-time signals were
derived, which reveal the influencing factors more explicitly
compared to traditional SoE forms. Based on the derived
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Fig. 6. Illustration of the INI between subcarriers associated with two
numerologies with ∆f(1) = 2∆f(2) over the time interval [0, T (1)], where
T (1) = 1/∆f(1) . Note: The figure is not to show the orthogonality between
subcarriers associated with same numerology because a common symbol
duration (T (1)) is used for both numerologies.
reduced-form formulas, the impact of discretization on the INI
was investigated, and it was shown that subcarriers suffer more
interference in discrete-time systems. Moreover, orthogonality
within subsets of subcarriers in mixed-numerology systems
was discussed, which provides a guidance on pilot subcarrier
allocation and user scheduling. This study emphasized the in-
fluencing factors of INI contributions, and provided a valuable
reference and useful guidance for the design of future MN-
OFDM systems with effective INI mitigation strategies.
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